Abstract. A self-transverse immersion of the 2-sphere into 4-space with algebraic number of self intersection points equal to n induces an immersion of the circle bundle over the 2-sphere of Euler class 2n into 4-space. Precomposing the circle bundle immersions with their universal covering maps, we get for n > 0 immersions gn of the 3-sphere into 4-space. In this note, we compute the Smale invariants of gn. The computation is carried out by (partially) resolving the singularities of the natural singular map of the punctured complex projective plane which extends gn.
Introduction
Consider a self-transverse immersion f : S 2 → R 4 of the 2-sphere S 2 into 4-space R 4 . Let p ∈ R 4 be a self intersection point of f and assume that S 2 and R 4 are oriented. Ordering the two local sheets of f (S 2 ) intersecting at p we get an intersection number at p. Since the codimension is even this intersection number is independent of the ordering. We say that the sum of the intersection numbers over all the double points of f is its algebraic number of double points.
The normal bundle of an immersion f : S 2 → R 4 with algebraic number of double points equal to n is the 2-dimensional oriented 2-plane bundle ξ 2n of Euler number 2n, see [30] . The unit sphere bundle of ξ 2n is the lens space L(2n, 1) and it follows by micro-extension that an immersion f : S 2 → R 4 , with algebraically n double points, induces an immersion f 2n : L(2n, 1) → R 4 . Consider the universal (2n-fold) covering π 2n : S 3 → L(2n, 1). Precomposing we get an immersion see [25] . In particular, in the case studied in this paper:
see Section 2.1 for a description of the isomorphism. Let Cob(m, N ) denote the cobordism group of immersions of oriented closed m-manifolds into R N , where the group operation is induced by disjoint union. By [21] , the cobordism group Cob (3, 4) is isomorphic to the stable 3-stem Cob(3, 4) ≈ π S 3 ≈ Z 24 .
Theorem 1.1. The Smale invariant of the immersion g n : S
3 → R 4 , n > 0 satisfies Ω(g n ) = 4n − 1, −n(n + 2) ∈ Z ⊕ Z.
It follows in particular that g n represents the element
and hence generates the stable 3-stem if and only if n is a multiple of 3.
Theorem 1.1 is proved in Section 3. The proof uses singular Seifert surfaces, which were introduced in [5] and has since proved to be quite useful in the study of embeddings, immersions, and other maps. See for example [1, 5, 6, 9, 24, 29] . In fact, one of the main technical points of this paper is a concrete construction of a singular Seifert surfaces for the immersions g n . The construction is based on perturbations derived from an unfolding of a certain complex map germ, regarded as a real map germ, and might be of interest from a more general viewpoint since similar constructions of stable-or other singular maps with desired properties can be used in many other settings.
In Section 4 we give a brief discussion of relations to other results. We first discuss the immersion g 1 : S 3 → R 4 , studied by Milnor [17, (11) , §IV] and since then in several papers (e. g. [11, 4] Notational conventions. We work in the smooth category throughout; all manifolds and immersions are assumed to be differentiable of class C ∞ . Furthermore, all spheres and Euclidean spaces are assumed to be oriented and we orient the boundary of an oriented manifold by the "outward normal first" convention, as in e.g. [8, 10] .
Smale invariants in terms of singular Seifert surfaces
In this section we first establish notation for the Smale invariant of immersions S 3 → R 4 and review some of its properties. Then we present a formula for one of the components of the Smale invariant in terms of singularities of a Seifert surface.
2.1. The regular homotopy class. An immersion f : S 3 → R 4 comes equipped with a natural stable framing via the bundle isomorphism ǫ 1 ⊕ T S 3 ∼ = f * T R 4 , where ǫ 1 denotes the trivial line bundle. The homotopy class of the stable framing is completely characterized by two integers: the degree D (f ) and the Hirzebruch defect H (f ). We refer to [10] for the detailed definitions and mention here only that D (f ) equals the normal degree of f , see [17] .
The Smale-Hirsch h-principle implies that the map which associates to an immersion S 3 → R 4 its natural stable framing induces a (weak) homotopy equivalence between the space of immersions and the space of stable framings. In particular, on π 0 (i.e. on the level of path components) the Smale invariant, see Section 1,
which determines the regular homotopy class of an immersion f :
More precisely, we have the following expression for Ω :
where f : 
where V 5,3 is the Stiefel manifold of orthogonal 3-frames in R 5 , shows that π 3 (SO 5 ) = π 3 (V 5,3 ). We can thus consider the Smale invariant of an immersion h :
is an immersion and if j : R 4 → R 5 denotes the inclusion then the fact that the map π 3 (SO 4 ) → π 3 (SO 5 ) induced by the inclusion is given by (a, b) → a + 2b, see e.g. [8, p. 178] , implies that the Smale invariant
As mentioned in Section 1, the oriented cobordism group Cob(3, 4) of immersions of oriented 3-manifolds into R 4 is isomorphic to the stable homotopy group π S 3 ≈ Z 24 of spheres. The isomorphism can be constructed via the Pontrjagin-Thom construction and in order to compute the cobordism class represented by an immersion f : S 3 → R 4 we use the following factorization of the map Imm[S 3 , R 4 ] → Cob(3, 4):
, where the last map is the J-homomorphism (see [8, p. 180] ). In fact, we get an isomorphism Cob(3, 4) → Z 24 by mapping an immersion f : M → R 4 representing a cobordism class of an immersion of a closed 3-manifold M to the element
where µ(M, s f ) ∈ Z 16 is the µ-invariant of M with respect to the spin structure s f induced by f , see [29] . Note that µ(S 3 , s f ) is always equal to zero in Z 16 .
2.3. Singular Seifert surfaces and Stingley's index. For immersions f : S 3 → R 4 which do not extend to immersions of compact oriented 4-manifolds (as was assumed for the discussion in the last paragraphs of Section 2.1), the Hirzebruch defect can be read off from extensions by singular maps which are regular near the boundary. An extension by a smooth map with singularities of a given map (embedding, immersion, generic map, etc.) is often called a singular Seifert surface because of similarities with Seifert surfaces in knot theory. For immersions somewhat different definitions have been used after the notion was introduced in [5] .
In [29] , generic maps F : V → R 4 from a compact oriented 4-manifold V with ∂V = S 3 , F | ∂V = f , where f : S 3 → R 4 is an immersion, and with no singularities in a neighborhood of ∂V are considered. In this case, the Hirzebruch defect H (f ) is expressed as
where ♯Σ 2,0 (F ) is the (algebraic) number of umbilic points of F . This was essentially proved in [29, Proof of Lemma 3.2] (although the sign convention there is not the same as the one here; see Remark 2.6 below). The proof is based on the Thom polynomial for umbilic singularities of a generic map G : M → R 4 from a closed oriented 4-manifold M , see [13, 22] and also [2, §2,2 in Chapter 4]:
where p 1 denotes the first Pontrjagin class and [M ] ∈ H 4 (M ; Z) the fundamental class.
For the purposes of this paper, we weaken the condition for a singular Seifert surfaces and use the following characterization. which satisfies the following conditions. The restriction F | ∂V to the boundary equals f , there is a neighborhood of ∂V where the map F has no singularity, for any p ∈ V , the rank rk(dF p ) of the differential
satisfies rk(dF p ) ≥ 2, and points q with rk(dF q ) = 2 are isolated.
Note that if F : V → R 4 , ∂V = S 3 is a generic (i.e., locally stable) map which is non-singular near the boundary then its possible singularities are Morin singularities where the differential has rank 3 and isolated umbilic points where the differential has rank 2. Therefore a singular Seifert surface in the sense of [29, §2.1] fulfills the requirements of Definition 2.2.
Smooth maps between oriented 4-manifolds with differential of rank 2 at isolated points and > 2 elsewhere were studied by Stingley [27] . He associated an index [27, §2] to such isolated points as follows. (See Remark 2.6 below for details on sign conventions.) Let g : M → N be a smooth map between oriented 4-manifolds. Let p ∈ M be such that rk(dg p ) = 2 and assume that p is an isolated rank 2 point in the sense that there exists a neighborhood U ⊂ M of p such that rk(dg q ) > 2 for all q ∈ U − {p}. Then there are local coordinates x = (x 1 , x 2 , x 3 , x 4 ) ∈ R 4 around p and y = (y 1 , y 2 , y 3 , y 4 ) ∈ R 4 around g(p) such that, in these coordinates the map vanishes for x = 0 but not for x = 0. Definition 2.3. The index ind p (g) of an isolated rank 2 point p as above is
, in a neighborhood of 0 and where deg ǫ (ĝ) denotes the signed sum of preimages at any sufficiently small regular value ǫ ofĝ. (I.e. deg ǫ (ĝ) is the degree ofĝ around 0).
It is straightforward to check that ind p (g) is independent of the choice of local coordinates. Furthermore, the index of an umbilic point of a map between 4-manifolds equals ±1 and in this case we use the index to define the sign of umbilic points. and note that if the rank 2 points of g are isolated then Σ 2 (g) is finite. For such maps g with isolated rank 2 points we define the algebraic number of rank 2 points ♯Σ 2 (g) of g as
Using the above notation, there is the following Riemann-Hurwitz type formula for closed oriented 4-manifolds.
Theorem 2.5 (Stingley [27, Theorem I], see also Porter [18] and [7, §8] ). Let g : M → N be a smooth map between oriented 4-manifolds with isolated rank 2 points and assume that M is closed. Then
where p 1 denotes the first Pontrjagin class and [M ] is the fundamental class of M .
In particular, Theorem 2.5 implies that if g : M → R 4 is a map from a closed oriented 4-manifold M with isolated rank 2 points, then
where σ(M ) is the signature of M .
Remark 2.6. The Thom polynomial (2.2) and Stingley's formula (2.3) imply that for an appropriate choice of signs, the count of indices of rank 2 points of maps of a closed 4-manifold M into R 4 gives the first Pontrjagin number of M . However, the sign conventions for the index which appear in the literature are often conflicting (see [13, 18, 22, 23, 27, 29] 
In particular, the right hand side of (2.4) does not depend on the choice of singular Seifert surface F :
which is regularly homotopic to f . Using F ′ , F , and the trace of a regular homotopy h :
denotes the manifold V ′ with reversed orientation, which is smooth after smoothing corners. ComposingĜ with a generic projection to R 4 , we obtain a smooth map G : W → R 4 with stable singularities, see [15] . In particular, its rank 2 points are isolated.
The number of rank 2 points ♯Σ 2 (G) satisfies
since the trace of a regular homotopy h is an immersion which after composition with a projection does not have any rank 2 points. By (2.3), we have ♯Σ 2 (G) = −3σ(W ) and hence
by Novikov additivity. It follows that
depends only on the regular homotopy class of f . We can thus define a homomor-
, pick a representative immersion f of [f ] and a Seifert surface F : V → R 4 of f and define 
Explicit constructions of singular Seifert surfaces
In this section we first construct singular Seifert surfaces for the immersions S 3 → R 4 described in Section 1 and then use these to prove Theorem 1.1. We will use the following notation throughout this section. The 2-plane bundle over S 2 of Euler number k will be denoted ξ k , E(ξ k ) will denote the total space of the corresponding 2-disk bundle, and L(k, 1) the total space of the corresponding circle bundle (L(k, 1) is a (k, 1)-lens space) . Furthermore, recall from Section 1 that the normal bundle of a self-transverse immersion f : S 2 → R 4 with algebraic number of double points equal to n is ξ 2n . Thus, micro-extension gives an immersion F 2n : E(ξ 2n ) → R 4 which agrees with f when restricted to the 0-section. Precomposing with the universal covering π 2n : S 3 → L(2n, 1) = ∂E(ξ 2n ), we get the immersions
We next construct natural fillings of the maps g n . To this end, note that the space L(1, 1) = ∂E(ξ 1 ) is S 3 , thought of as the total space of the Hopf fibration,
and that E(ξ 1 ) is CP 2 0 , the complement of an open disk in the complex projective plane. Consider the k-fold branched cover
which extends the universal cover
and which is the k-fold branched cover with a single branch point at the origin in each fiber disk. The map G n :
then extends the immersion g n : S 3 → R 4 but is not a singular Seifert surface for g n for the following reason. The rank of dG n equals 4 outside the 0-section in E(ξ 1 ) (in CP 2 0 − CP 1 ) and equals 2 at any point on the 0-section (along CP 1 ⊂ CP 2 0 ) and thus its rank 2 points are not isolated.
The rank 2 points of G n forming a submanifold is reminiscent of the critical locus of a Morse-Bott function. In analogy with the Morse-Bott case, we will construct a perturbation of G n below which creates a map with exactly two isolated rank 2 points. Furthermore, we will compute the indices of these rank 2 points. In fact, our perturbation of G n has the form F 2n • Π ǫ 2n where Π ǫ 2n is a perturbation of the branched cover Π 2n . In order to construct the perturbation, we use the following local coordinate description of the bundles ξ k .
Consider the decomposition of S 2 into two disks, the northern-and southern hemispheres D N and D S , respectively. After identification of these disks with the unit disk D = {w ∈ C; |w| ≤ 1} in the complex plane C, we have
where ψ : ∂D S → ∂D N is the map given by ψ(e iθ ) = e −iθ . The total spaces E(ξ k ) can then be described as follows:
To see this, it is sufficient to note that the clutching function described gives a bundle with first Chern class (Euler number) equal to k. In these local coordinates the map Π k : E(ξ 1 ) → E(ξ k ) is the following:
To see that this formula defines a map as claimed, note that on the overlap (e iθ , z) ∈ ∂D S × D ⊂ E(ξ 1 ) is identified with (e −iθ , e −iθ z) ∈ ∂D N × D ⊂ E(ξ 1 ). The former maps to (e iθ , z k ) ∈ ∂D S × D ⊂ E(ξ k ) which is identified with (e −iθ , e −kiθ z k ) ∈ ∂D N × D ⊂ E(ξ k ) which in turn is the image of the latter.
In order to perturb Π k : E(ξ 1 ) → E(ξ k ) we consider the restriction of this map to fibers: h(z) = z k . Let c be any complex number and let h c (z) = z k +zc. Proof. If ξ is a tangent vector to C thought of as a complex number we have
Consequently, dh c has kernel at points z where the equation kz k−1 ξ + cξ = 0 has non-trivial solutions. This is the case if
or in other words when z ∈ Σ. The properties of the kernel field are straightforward consequences of (3.1).
We next deform the map Π k using the perturbation described above on fibers. Note however that c in the above discussion must then be replaced by the image of a section of E(ξ 1 ) and hence we cannot avoid rank 2 points.
Fix ǫ ∈ (0,
as follows, using the local coordinates introduced above,
To see that (3.2) indeed defines a map, note that for (w, z) = (e iθ , z) ∈ ∂D S × D,
which is the image of the corresponding point ψ 1 (w, z) = (e −iθ , e −iθ z) ∈ ∂D N × D according to the second row in the right hand side of (3.2). Furthermore if |z| ≤ 1 and |w| ≤ 1 then |(1 − ǫ)z k + ǫwz| ≤ 1 so that second components in the vectors in the right hand side of (3.2) lies in D. which is commutative up to orientation, see [12] . The proposition follows.
